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Abstract— Transient tracking error dynamics are in-
evitable in any practical closed-loop control system. While
numerous works are devoted to improving these dynamics,
in this paper, we focus on taking advantage of it first, in
the context of adaptive control. We propose a memory
architecture that can make use of stored significant data
about the transients of previously experienced anomalies
to aid in obtaining a resilient system against uncertainties.
The proposed architecture consists of 1) a memory con-
taining data about a variety of uncertainties, 2) a short-
term memory that aids in handling new uncertainties, and
3) an attention-based reading mechanism that enables the
controller to retrieve only relevant data from the memory.
The effectiveness of the architecture is validated through
numerical simulations, and a rigorous Lyapunov stability
analysis is provided.

Index Terms— Adaptive control, Uncertain systems.

I. INTRODUCTION

HUMANS’ episodic memory enables them to remember
self-experienced events to be used later if a similar event

is encountered again [1], [2]. For example, drivers having a
tire blowout would react better if they have experienced it
before in their life. This is because when drivers experience
a tire blowout for the first time, they are not familiar with
the failure, and hence, they begin exploring the situation in
an attempt to recover from it. Such exploration can be lethal,
but is necessary when little is known about the system. On
the second encounter of a tire blowout, drivers rely on useful
data from their episodic memory to recover with minimal
exploration.

Many works in the literature are devoted to enhancing the
transients of adaptive systems [3]–[6]. However, an adaptive
control system exhibits similar transients even for previously
experienced failures. This is due to a lack of an architecture
that allows the controller to recall and use significant infor-
mation about previously encountered uncertainties. Inspired by
episodic memory in humans, in this letter, we aim to provide
adaptive controllers with an analogous memory architecture. In
this regard, the first issue to be addressed is memory content.
What type of data about a failure would be beneficial for future
use if we were to encounter a similar failure again? A well-
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established answer to this question is found in the literature
under the name of concurrent learning [7].

In concurrent learning adaptive control, recorded data
(termed history stack) and present measurements are used
concurrently for adaptation. With sufficiently rich data in the
history stack, this approach yields exponential stability, which
has been shown to result in enhanced transients. In traditional
adaptive control, exponential stability is only possible if the
system is persistently exciting [8], [9], which accounts for
continuous exploration of the uncertainty. Therefore, the usage
of concurrent learning minimizes the need for exploration by
using stored data about a previous failure [7].

When it comes to using the history stack of concurrent
learning as a memory, several issues must be considered. For
the recorded data to be usable for adapting to a specific failure,
the history stack must only consist of data that represent the
same failure. Thus, the controller can only recall information
about a single failure/uncertainty. This poses a limitation in the
sense that the same failure must be experienced by the plant
at all times. Any changes to the system (including unexpected
failures) render the history stack inapplicable since their usage
can deteriorate the adaptive control performance. This requires
the history stack to be cleared and repopulated with new data
once a new failure occurs [7].

In this letter, we build upon the idea of concurrent learning
to propose a memory architecture that allows the adaptive
controller to recall and use significant information about the
past to aid in learning. The proposed memory can store data
about several uncertainties/failures without the need to know
which data corresponds to which uncertainty. To use the stored
data in the adaptive law, an attention-based reading mechanism
is proposed which enables the controller to selectively use
only the data that are relevant to the encountered uncer-
tainty without requiring any knowledge about the uncertainty.
Throughout the work, we augment the proposed memory
with a modified version of the composite model reference
adaptive controller (CMRAC) [10], and show the stability of
the memory-augmented adaptive controller through a rigorous
Lyapunov analysis.

In Section II, we explain the adopted CMRAC architecture,
concurrent learning, and formulate the problem. In Section
III, the proposed memory architecture is presented with a
rigorous stability analysis. At last, the effectiveness of the
proposed memory is elucidated through numerical simulations
in Section IV.

The notation used here is standard, where Tr{.} denotes the
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trace operator, ‖.‖ refers to the euclidean norm, and ‖.‖F refers
to the Frobenius norm. We denote a positive definite (positive
semi-definite) matrix X as X > 0 (X ≥ 0), and a negative
definite (negative semi-definite) function V as V < 0 (V ≤ 0).
Finally, we write λmin(X) for the minimum eigenvalue of the
matrix X .

II. PROBLEM STATEMENT

Consider the uncertain plant dynamics

ẋ(t) =Apx(t) +Bp
(
u(t) + ΘT f(x(t))

)
,

y(t) =Cpx(t),
(1)

where x(t) ∈ Rn is the accessible state vector, u(t) ∈ Rm
is the plant control input, f(x(t)) : Rn → Rs is a known
possibly non-linear function, whose components are locally
Lipschitz-continuous functions of x(t), Θ ∈ Rs×m is an
unknown weight matrix, Ap ∈ Rn×n is an unknown state
matrix, and Bp ∈ Rn×m is a known full column rank input
matrix. The output of interest y(t) ∈ Rm is defined by the
known output matrix Cp ∈ Rm×n, and the pair (Ap, Bp) is
assumed to be controllable.

The adaptive control task is to achieve command following
of a bounded reference input r(t) ∈ Rm, through tracking the
state xr(t) ∈ Rn of a reference model

ẋr(t) = Arxr(t) +Brr(t), (2)

where Ar ∈ Rn×n is Hurwitz. Br is selected as Br , BpKr,
where Kr ∈ Rm×m is the feed-forward controller gain, which
is determined as

Kr , −(CpA
−1
r Bp)

−1, (3)

to achieve limt→∞ y(t) = r whenever limt→∞ x(t) = xr(t),
for a constant r(t) = r [11]. It is assumed that there exist
a feedback controller gain Kx ∈ Rm×n that satisfies the
matching condition

Ar = Ap −BpKx. (4)

It is noted that the matching condition (4) is commonly used
in the adaptive control literature, and the controllers designed
based on this condition are shown to be effective in practical
implementations [7], [8], [10], [12].

Using (4) in (1), one can rewrite (1) as

ẋ(t) = Arx(t) +Bp
(
u(t) +Kxx(t) + ΘT f(x(t))

)
. (5)

Defining the unknown parameter W , [Kx, ΘT ]T ∈ Rφ×m
and Φ(x(t)) , [x(t)T , f(x(t))T ]T ∈ Rφ, with φ , n+ s, (5)
can be written as

ẋ(t) = Arx(t) +Bp
(
u(t) +WTΦ(x(t))

)
. (6)

Then, the plant control input is chosen as

u(t) = Krr(t)− ŴT (t)Φ(x(t)), (7)

where Ŵ (t) ∈ Rφ×m is an adaptive parameter serving as an
estimate of the ideal value W . It is noted that W is allowed
to be piece-wise-constant such that different values occur in a
sufficiently separated manner temporally, without experiencing
a Zeno behavior.

In CMRAC [10], Ŵ (t) is updated based on two distinct
measurable errors, a tracking error and an estimation error.
The tracking error is the error between the plant and reference
model states e(t) , x(t)− xr(t), the derivative of which can
be found, using (2), (6) and (7) as

ė(t) = Are(t)−BpW̃T (t)Φ(x(t)), (8)

where W̃ (t) , Ŵ (t) − W . The estimation error is based
on identifying the plant dynamics as shown in the following
subsection.

A. Estimation Error : Identification
In what follows, we construct an identifier based on filtered

plant dynamics [13], [14] to alleviate the need for the state
derivative to be known. We start by adding and subtracting
Ax(t) to (6), which yields

ẋ(t) = −Ax(t) +Bp
(
u(t) +WTΦ(x(t))

)
+ (A+Ar)x(t),

(9)
where

A , aIn×n, a > 0. (10)

Then, the solution of (9) can be written as

x(t) =e−atx(0) +Bp

∫ t

0

e−a(t−τ)u(τ)dτ

+BpW
T

∫ t

0

e−a(t−τ)Φ(x(τ))dτ

+ (A+Ar)

∫ t

0

e−a(t−τ)x(τ)dτ.

(11)

Defining the filtered versions of u(t), Φ(x(t)), and x(t)
respectively as

uf (t) ,
∫ t

0

e−a(t−τ)u(τ)dτ,

Φf (t) ,
∫ t

0

e−a(t−τ)Φ(x(τ))dτ,

xf (t) ,
∫ t

0

e−a(t−τ)x(τ)dτ,

(12)

the plant dynamics can be represented as

x(t) =Bp(uf (t) +WTΦf (t)) + (A+Ar)xf (t), (13a)
u̇f (t) =− auf (t) + u(t), uf (0) = 0, (13b)

Φ̇f (t) =− aΦf (t) + Φ(x(t)), Φf (0) = 0, (13c)
ẋf (t) =− axf (t) + x(t), xf (0) = 0, (13d)

where it is assumed, without loss of generality, that x(0) = 0.
We now define the identifier based on (13) by replacing the

unknown parameter W with its estimate Ŵ (t) as

x̂(t) , Bp(uf (t) + ŴT (t)Φf (t)) + (A+Ar)xf (t), (14)

where x̂(t) ∈ Rn is the identifier’s state. Then, an identifica-
tion error is obtained as

eid(t) , x̂(t)− x(t) = BpW̃
T (t)Φf (t). (15)

Furthermore, the estimation error is defined as

ε(t) , (BTp Bp)
−1BTp eid(t) = W̃T (t)Φf (t). (16)

It is noted that BTp Bp is invertible since Bp is full column
rank.
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B. CMRAC: Adaptive Law
With both tracking and estimation errors defined, the adap-

tive law of Ŵ (t) is then defined compositely as

˙̃W (t) =
˙̂
W (t) ,γeΦ(x(t))e(t)TPBp − γεΦf (t)ε(t)T

=γeΦ(x(t))e(t)TPBp − γεΦf (t)ΦTf (t)W̃ (t),
(17)

where P = PT > 0 is the solution of the Lyapunov equation

ATr P + PAr = −Q, (18)

for some Q = QT > 0, and γe,γε > 0 are scalar learning
rates. Using (17), the derivative of the Lyapunov function

V = eTPe+ γ−1
e Tr{W̃T W̃} (19)

along the trajectories of (8) and (16) yields

V̇ = −eTQe− 2γrTr{W̃TΦfΦTf W̃}, (20)

where γr , γε/γe. Since ΦfΦTf ≥ 0, then V̇ ≤ 0, which
by using Barbalat’s lemma shows that the system is globally
stable and that e(t)→ 0 and ε(t)→ 0 [10].

C. Concurrent Learning
The idea behind concurrent learning [7] is to use previously

recorded data concurrently with present data to achieve expo-
nential stability. Towards that end, a collection of p data points
recorded in the past is stored in a history stack as

Zu =
[
uf1 . . . ufp

]
, (21a)

ZΦ =
[
Φf1 . . . Φfp

]
, (21b)

Zx =
[
x1 . . . xp

]
. (21c)

Then, projected errors are defined as

εj(t) = W̃T (t)Φfj , (22)

which represent what the estimation error would have been
for a recorded data point j, if the current value of Ŵ (t) were
to be used. Since xj = Bp(ufj + WTΦfj ) + (A + Ar)xfj
(see (13a)), using the structures given in (14), (15) and (16),
together with the recorded data (21), the projected errors can
be calculated as

εj(t) =(BTp Bp)
−1BTp

(
Bp(ufj + ŴT (t)Φfj )

+ (A+Ar)xfj − xj
)
,

(23)

where xfj is extracted from the elements of Φfj . These errors
are then used in the adaptive law as

˙̃W (t) =
˙̂
W (t) ,γeΦ(x(t))e(t)TPBp

− γεΦf (t)ε(t)T − γε
p∑
j=1

Φfj εj(t)
T ,

(24)

where P = PT > 0 is the solution of the Lyapunov equation
(18), and γe,γε > 0 are scalar learning rates. Using (24), the
derivative of (19) along the trajectories (8), (16) and (22) yields

V̇ = −eTQe− 2γrTr{W̃T (ΦfΦTf +

p∑
j=1

ΦfjΦTfj )W̃}. (25)

Since (ΦfΦTf +
∑p
j=1 ΦfjΦTfj ) ≥ 0, then V̇ ≤ 0 which

preserves the same stability properties explained after (20).
Additionally, if rank(ZΦ) = φ, where ZΦ is defined in (21)
and φ is defined after (5), then (ΦfΦTf +

∑p
j=1 ΦfjΦTfj ) > 0,

which makes V̇ < 0 and hence both e(t) and W̃ (t) converge
to zero exponentially.

Remark 1: The advantage of concurrent learning is that one
can record data online that satisfy rank(ZΦ) = φ by exciting
the system for a finite period of time, and hence guarantee
exponential convergence without the need to persistently excite
the system. This can be achieved through already available
real-time algorithms [7].

Remark 2: To use the concurrent adaptive law (24), it
is required for data to be either pre-recorded in advance
or collected online. In both cases, the recorded data must
represent the same uncertainty W and hence the data should
be collected when the same uncertainty is encountered. This
poses a limitation in the sense that the uncertainty W must be
fixed throughout the operation, or each time a new uncertainty
occurs, for example due to a failure, the memory should be
cleared, and new data must be recorded [15]. Otherwise, the
recorded data have the potential to sacrifice the performance if
an unanticipated uncertainty is faced. In the following section,
we propose a solution to this problem by introducing a new
memory architecture.

III. MEMORY ARCHITECTURE

Suppose that we store p data points in a memory as

Mu =
[
uf1 . . . ufp

]
, (26a)

MΦ =
[
Φf1 . . . Φfp

]
, (26b)

Mx =
[
x1 . . . xp

]
, (26c)

where each data point in the memory M , (Mu, MΦ, Mx)
can correspond to a different uncertainty.

Definition 1: The encountered uncertainty W is the uncer-
tainty that is currently existing in the system (6).

Definition 2: An uncertainty Wi is represented in the
memory M, if there is at least one data point (ufj , Φfj , xj)
inM such that xj = Bp(ufj +WT

i Φfj )+(A+Ar)xfj . Such
a data point is said to represent Wi.

Definition 3: Two data points are called mutual if they
represent the same uncertainty.

Definition 4: A data point (or its corresponding projected
error εj(t), see (22)) is said to be mutual with ε(t), if it
represents the encountered uncertainty W .

In the proposed architecture, we assume that the memory
M, in (26), is representative of d different uncertainties
(W1, . . . ,Wd), where d is unknown (see Definition 2). More-
over, it is not known which data points correspond to what
uncertainty, and mutual data points cannot be told apart.

The goal here is to use the stored data inM to enhance the
transients of the control system given by (2), (6) and (7) when
a represented uncertainty is encountered, i.e., W = Wi(j) for
some j ∈ {1, . . . , p}, where

i(j) : {1, . . . , p} → {1, . . . , d} (27)
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is an unknown map that relates each data point to the uncer-
tainty it represents. For that, projected errors are calculated at
each time instant, for each data point in M as shown in (23).
By substituting xj = Bp(ufj + WT

i(j)Φfj ) + (A + Ar)xfj in
(23), these projected errors can be written as

εj(t) = (Ŵ (t)−Wi(j))
TΦfj = W̃T

i(j)(t)Φfj , (28)

where W̃i(j)(t) , Ŵ (t) − Wi(j) is the error between the
adaptive parameter Ŵ (t) and the constant uncertainty Wi(j)

represented by the jth data point (ufj , Φfj , xj). If all memory
slots were to be used as in conventional concurrent learning
(see (24)) to compensate for the encountered uncertainty W ,
the resulting adaptive law (24) would try to drive the tracking
error e(t), the estimation ε(t), and all projected errors εj(t),
for j = 1, . . . , p, simultaneously to zero. However, since
W1 6= W2 6= . . . 6= Wd, ε(t) and εj(t) cannot converge
to zero simultaneously unless all εj(t) are mutual with ε(t)
(see (16) and (28)). This deteriorates the performance of the
system, since data points that do not represent the encountered
uncertainty W are being used in learning. To alleviate this
problem, a reading mechanism that determines which data
points to be used is needed.

A. Memory Read
In this subsection we address the question: Given the

estimation error ε(t) in (16), and the memory projected errors
εj(t) in (28), for j = 1, . . . , p, how can we determine which
projected errors are mutual with ε(t)?

Once we answer the above question, we can selectively use
only the data points that are mutual with ε(t) (see Definition
4) in the adaptive law. Hence, we propose a mechanism that
allows the controller to read only the relevant data from the
memory in a continuous manner. To that end, we define scalar
attention weights for each memory slot as

µj(t) = β
exp(−α‖ε(t)− εj(t)‖)∑p
k=1 exp(−α‖ε(t)− εk(t)‖)

, (29)

where the scalars α, β > 0 are design constants. It is noted that
whenever W̃ (t)→ 0, both ε(t) and its mutual projected errors
approach zero (see (28) and Definition 4). Hence, the euclidean
distances ‖ε(t)− εj(t)‖ become smaller when εj(t) is mutual
with ε(t). Therefore, the attention weights (29) attribute higher
weights to projected errors that are distanced closer to ε(t)
in such a way that

∑p
j=1 µj(t) = β, and 0 < µj(t) < β,

for j = 1, . . . , p. Here, α specifies the amount by which
distance is penalized, and β affects how much the recorded
data influences learning (see (30)).

We now propose the memory-augmented adaptive law

˙̃W (t) =
˙̂
W (t) , Proj(Ŵ (t), Y (t)), (30a)

Y (t) ,γeΦ(x(t))e(t)TPBp

− γεΦf (t)ε(t)T − γε
p∑
j=1

µj(t)Φfj εj(t)
T , (30b)

where P = PT > 0 is the solution of the Lyapunov equation
(18), γe,γε > 0 are scalar learning rates, and the memory
read is done through scalar attention weights (29) that allow

the controller to eventually identify and use only data that
are relevant to the encountered uncertainty W . Furthermore,
Proj(., .) is the projection operator [12], used to bound the
adaptive parameter Ŵ (t) in a predefined compact set Ω ,
{Ŵ (t) : ‖Ŵ (t)‖F ≤Wmax}, for some scalar Wmax > 0.

B. Short-Term Memory
If the uncertainty W is encountered for the first time during

operation, then W is not represented in the memory, and no
memory slots should be utilized in learning. This however is
not the case with the proposed reading mechanism (29) and
(30) since

p∑
j=1

µj(t) = β, (31)

which implies that the memory is always utilized. We alle-
viate this issue by ensuring that our memory M is always
representative of W . This is achieved by using a short-term
memory which holds on to q-many delayed values of the
measured signals (uf (t − τk), Φf (t − τk), x(t − τk)), for
k = 1, . . . , q. Here q is a design parameter that determines
the size of the short term memory, and 0 ≤ τ1 ≤ τ2 ≤
· · · ≤ τq are design dependent. The short-term data points are
augmented into M, i.e., q-many slots in M are allocated for
(uf (t−τk), Φf (t−τk), x(t−τk)), k = 1, . . . , q. This ensures
that after τ1 seconds, there will always exist data points that
are mutual with ε(t) inM, and hence the reading mechanism
(29) and (30) can be applied on the data points in M even if
W is encountered for the first time.

C. Stability
We now present the main stability result of the proposed

memory-augmented architecture.
Theorem 1: Consider the uncertain dynamical system (1),

the adaptive controller (7), the reference model (2), the iden-
tifier (14), and the memory augmented adaptive law given
by (26), (29), and (30). Then the solution (e(t), W̃ (t)) is
globally uniformly ultimately bounded (UUB) and converges
to a compact set.

Proof: Differentiating the Lyapunov function (19) along
the trajectories (8) and (30) yields

V̇ =− eTQe− 2eTPBpW̃
TΦ(x) + 2γ−1

e Tr{W̃T ˙̃W}
=− eTQe− 2Tr{eTPBpW̃TΦ(x)}

+ 2γ−1
e Tr{W̃TProj(Ŵ, Y )}.

(32)

Using Tr{ATB} = Tr{BAT } and (30b), (32) becomes

V̇ =− eTQe+ 2γ−1
e Tr{W̃T (Proj(Ŵ, Y )− Y )}

− 2γrTr{W̃TΦf ε
T } − 2γrTr{W̃T

p∑
j=1

µjΦfj ε
T
j }.

(33)

Using the projection property Tr{W̃T (Proj(Ŵ, Y )−Y )} ≤ 0,
(16), and (28) in (33) yields

V̇ ≤− eTQe− 2γrTr{W̃TΦfΦTf W̃}

− 2γrTr{W̃T

p∑
j=1

µjΦfjΦTfjW̃i(j)}.
(34)
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Let W̄i(j) ,W−Wi(j), then W̃i(j)(t) = W̃ (t)+W̄i(j). Hence
(34) can be written as

V̇ ≤− eTQe− 2γrTr{W̃T (ΦfΦTf +

p∑
j=1

µjΦfjΦTfj )W̃}

− 2γrTr{W̃T

p∑
j=1

µjΦfjΦTfjW̄i(j)}.

(35)
Since µj(t) > 0 for j = 1, . . . , p, then (Φf (t)Φf (t)T +∑p
j=1 µj(t)ΦfjΦTfj ) ≥ 0, and (35) reduces to

V̇ ≤− eTQe− 2γrTr{W̃T

p∑
j=1

µjΦfjΦTfjW̄i(j)}

≤ − λmin(Q)‖e‖2 + 2γr‖W̃‖F
p∑
j=1

µj‖ΦfjΦTfjW̄i(j)‖F ,

(36)
where the second inequality follows by using Tr{ATB} ≤
‖A‖F ‖B‖F . By the usage of the projection operator in (30),
it follows that ‖Ŵ (t)‖F ≤ Wmax, and hence ‖W̃ (t)‖F ≤
Wmax + ‖W‖F . This, with the fact that µj(t) < β for j =
1, . . . , p, yields

V̇ ≤ −λmin(Q)‖e‖2 + 2γrC1C2, (37)

where C1 , Wmax + ‖W‖F , and C2 ,
β
∑p
j=1‖ΦfjΦTfjW̄i(j)‖F . Therefore, it follows from (37) that

V̇ (t) < 0 whenever ‖e(t)‖2 > 2γrC1C2/λmin(Q), and thus,
the solution (e(t), W̃ (t)) is globally uniformly ultimately
bounded [16] and converges to the compact set

E ,

{
(e(t), W̃ (t)) :‖e(t)‖2 ≤ 2γrC1C2

λmin(Q)
, ‖W̃ (t)‖F ≤ C1

}
.

(38)
From (2) we know that if r(t) is bounded, then so is xr(t).
Therefore, since e(t) is bounded, x(t) is bounded. Since com-
ponents of Φ(x(t)) are locally Lipschitz-continuous functions
of x(t), and x(t) is bounded, then Φ(x(t)), and therefore all
system signals are bounded.

It is noted that under the same assumptions used in concur-
rent learning [7], which state that all the data points represent
the encountered uncertainty and that rank(ZΦ) = φ, the
proposed method provides exponential stability.

Remark 3: A less conservative analysis shows, by using
(36), that V̇ < 0 whenever ‖e(t)‖2 > Ce(t), where

Ce(t) ,
2γrC1

λmin(Q)

p∑
j=1

µj(t)‖ΦfjΦTfjW̄i(j)‖F . (39)

Note that for data points that are mutual with ε(t), Wi(j) = W
and W̄i(j) = 0. Hence, the size of the bound (39) depends
solely on the contribution of the irrelevant data points in the
adaptive law (30), where Wi(j) 6= W . It is shown in the
Simulations section that the reading mechanism decreases the
magnitude of Ce(t) by attributing low attention weights µj(t)
to the irrelevant data points, which results in the convergence
of (e(t), W̃ (t)) to a small compact set.

IV. SIMULATIONS

To show the effectiveness of the proposed method, we
design a control augmentation system for the short period
dynamics of a generic transport aircraft [12], the nominal
model of which is given by

ẋ(t) =

[
−0.8060 1.0
−9.1486 −4.59

]
︸ ︷︷ ︸

An

x(t) +

[
−0.04
−4.59

]
︸ ︷︷ ︸

Bp

u(t),
(40)

where x(t) , [x1(t), x2(t)]T , x1(t) is the angle of attack
(rad), x2(t) is the pitch rate (rad/s), and u(t) is the elevator
deflection (rad). The goal is to achieve command following
of the pilot’s pitch rate commands, (i.e., y(t) = x2(t)), in the
presence of uncertainty. To obtain uncertain plant dynamics
in the form of (1), and to satisfy the matching condition (4),
we define an uncertain state matrix as Ap = An + BpKx,
and a matched uncertainty ΘT f(x(t)), where f(x(t)) =
[sin(x1(t)), cos(x2(t))]T . The reference model is defined as
in (2), where Ar = An, Br = BpKr, and Kr is selected
according to (3). The controller is defined as in (7), and an
identifier is implemented as in (13) and (14), where a = 10.

Three different architectures are compared; CMRAC using
(17), concurrent learning using (21) and (24), and the proposed
memory augmented adaptive law (26), (29) and (30). The
learning rates are assigned as γe = 100 and γε = 10000, and
the Q matrix used in the Lyapunov equation (18) is selected
as Q = I2×2. It is noted that these learning rates and the
value of the Q matrix are the same for all of the compared
architectures.

Three destabilizing uncertainties are considered, placing the
eigenvalues of Ap at {1, 2}, {0.5, 2.5} and {0.1, 3}. In the
form of (6), the uncertainties can be written as

W1 =


−1.0012
−1.8205

0.5
0.7

 , W2 =


−1.1593
−1.8191

0.8
−1.5

 , W3 =


−1.3442
−1.8393
−1
0.5

 .
(41)

In all simulations, a pitch rate pilot command of r = 5 deg/s
is given as the reference, and all initial conditions are zero.

To collect data, a simulation is run for each uncertainty
in (41) with the CMRAC adaptive law (17), where 4 data
points (ufj , Φfj , xj) are recorded about each uncertainty (12
data points in total). The history stack (21) used in concurrent
learning is formed using only the 4 data points that represent
W1. On the other hand, for the proposed method, our memory
M in (26) is populated with all 12 data points and is then
augmented with the short term memory, where q = 2, τ1 = 0
s and τ2 = 0.1 s. Hence, M has a size of p = 14, and is
representative of W1, W2, W3 and the potential encountered
uncertainty W . The reading mechanism (29) and (30) is then
applied to M, where we set α = 100 and β = 20.

The first scenario we simulate is the case where the only
uncertainty in the system is W1, i.e., the encountered un-
certainty is W = W1 for all t ≥ 0, which is represented
in both the memory of the proposed method (26) and the
history stack of concurrent learning (21). Figure 1 shows
the evolution of the elements of the tracking error vector
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Fig. 1: Uncertainty W = W1. Top, middle: Tracking errors
of CMRAC, concurrent and the proposed controller. Bottom:
Attention weights of the proposed controller. “Representing”
and “Not representing” denote the weights that represent and
do not represent W1.

e(t) = x(t) − xr(t), for CMRAC, concurrent, and memory-
augmented architectures, and the evolution of the attention
weights µj(t) in the memory-augmented architecture. It is
noted that although the memory of the proposed method
contains extra, irrelevant data, which do not represent W1,
the performance is similar to the concurrent architecture and
better than the CMRAC architecture. This is achieved with
the help of the reading mechanism, which attributes higher
attention weights (29) to the data that represent W1.

For the second scenario, we assume that the plant has a new
uncertainty W4 = [−1.1543,−1.6013,−0.9,−0.4]T , which
places the eigenvalues of Ap at {1 + i, 1 − i}. By definition,
this makes the encountered uncertainty W = W4. Figure 2
shows that since W4 is not represented in the history stack
of concurrent learning, the concurrent architecture yields an
unsatisfactory performance. On the other hand, the proposed
memory-augmented controller still achieves a satisfactory per-
formance, similar to CMRAC, despite encountering W4 for
the first time. This is achieved with the help of the reading
mechanism through the usage of the short-term memory: all
the attention weights except the ones related to short-term
memory converge to zero, which eliminates the detrimental
effects of irrelevant data.
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