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A Fault-Tolerant Integrated Vehicle Stability
Control Using Adaptive Control Allocation

Ozan Temiz1, Melih Cakmakci1, and Yildiray Yildiz1

Abstract—The focus of this paper is an integrated, fault-
tolerant vehicle supervisory control algorithm for the overall
stability of ground vehicles. Vehicle control systems contain many
sensors and actuators that can communicate with each other
over communication networks. The proposed supervisory control
scheme is composed of a high-level controller that creates a
virtual control input vector and a low-level control allocator that
distributes the virtual control effort among redundant actuators.
Virtual control input incorporates the required traction force,
yaw, pitch, and roll moment corrections, and the lateral force
correction to ensure stability while following a maneuvering
reference initiated by the driver. Based on the virtual control
input vector, the allocation module determines front steering
angle correction, rear steering angle, traction forces at each tire,
and active suspension forces. The proposed control framework
distinguishes itself from earlier results in the literature by its
ability to adapt to failures and uncertainties by updating its
parameters online, without the need for fault identification. The
control structure is validated in the simulation environment
using a fourteen degree of freedom nonlinear vehicle model.
Our results demonstrate that the proposed approach ensures
that the vehicle follows references created by the driver despite
the loss of actuator effectiveness up to 30% higher longitudinal
maneuver velocity and approximately 35% lower roll and pitch
angles during steering with representative driving scenarios.

Index Terms—Control Allocation, Vehicle Control, Fault-
Tolerance

I. INTRODUCTION

Over the past two decades, there have been many advance-
ments in the automotive field with the increased cooperation
among vehicle subsystems that are traditionally designed sepa-
rately. Vehicle communication networks, low-cost sensors, and
dependable mechatronic actuators play an essential role in this
new trend, enabling engineers to design an automobile as a
single mechatronic system. This new cooperative approach
generates redundancies in control problems, as reported in
[1]–[3]. Availability of various actuators, together with the
cross-coupling between lateral and rotational dynamics, has
led to the integrated vehicle control algorithms such as those
proposed in [4]–[14]. These algorithms can exploit coupled
dynamics, producing better performance by adjusting actuator
inputs accordingly.

Actuation redundancy in ground vehicles can be observed,
for example, in yaw rate control (vehicle’s rotation about the
z-axis). Yaw rate can be regulated using both steering and
traction systems: A vehicle can regulate its yaw rate by altering
the amount of longitudinal traction forces at different wheels,
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thanks to in-wheel electric motors. Another way of altering the
yaw rate is the steering input. While only front-wheel steering
was available and the amount of steering was mechanically
constrained in the past, steer by wire and four-wheel-steering
technology recently became feasible and affordable with the
introduction of dependable, low-cost actuators and enabling
control strategies [15] and [16]. Such developments in the
industry introduced redundancy and created new opportunities
for control researchers.

An important challenge to utilize these control redundancies
is to find precise approaches that can be implemented for a
wide range of vehicle control problems. These approaches
need to overcome the computational complexity due to the
increased number of performance requirements and constraints
originating from subsystem controller design problems. “Con-
trol allocation” [9] can be defined as a systematic way of
distributing the total control effort among different actuators.
Control allocation is widely used in flight control to determine
the control surface deflections based on a total virtual control
input generated by a high-level controller [17]–[19]. Schemes
involving control allocators are usually composed of three
successive steps: In the first step, a virtual control input (for
example, the required total force or moment vector to move an
object) is determined by a high-level controller such that the
overall control objective is met. In the second step, the control
allocation receives this virtual control input and determines
individual actuator commands based on a certain allocation
policy. Finally, as the last step, actuator controllers ensure the
realization of these commands. Block diagrams of closed-loop
control architectures with and without a control allocator are
presented in Fig. 1 as parts (a) and (b), respectively.

There are several novel controller design ideas proposed
in the automotive control literature that successfully manage
actuator redundancy. Control allocation for torque vectoring is
used in [20] considering power management, traction control,
actuator limits, and fault-cases. In [21], a fixed point control
allocation algorithm distributes the slip among tires with low
computational effort. In [22], a fault-tolerant control archi-
tecture is proposed, which can switch between two optimal
control allocation schemes. In [23], a control allocation algo-
rithm decides the required torques by taking the controller area
network (CAN) communication into consideration. In [24], an
adaptive control allocation is used for energy-efficient path
following using regenerative breaking in electric ground vehi-
cles. In [25], another adaptive control allocation application is
presented, where the approach given in [26] is used.

In this paper, an integrated vehicle controller incorporating
an adaptive control allocator is proposed. In order to ensure
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(a)
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𝒖𝒅𝒊 𝒖
Reference

Output

(b)

Fig. 1: (a) Block diagram of a control system with a control
allocator, where ~v is the virtual control input vector, ~ud is the
desired actuator response vector and ~u is the actuator com-
mands vector to achieve the desired response, and (b) block
diagram of a control system where the controller produces
individual actuator commands, ~udi, directly.

that the vehicle follows the driver’s intentions, first, a high-
level controller generates the virtual control input vector. This
vector consists of the desired traction force, yaw, pitch and
roll moment, and the required lateral force correction based
on the steering and pedal inputs from the driver. Then, the
control allocation algorithm generates the front steering angle
correction, rear steering angle, traction forces, and the active
suspension forces at each wheel. The desired moments and the
traction forces are delivered such that the vehicle rotates and
accelerates as needed while desired yaw and pitch moments in-
crease the normal forces, when necessary, at individual wheels
to provide both stability and driver comfort. Required lateral
force correction ensures that the side-slip angle is in the stable
region while following the yaw reference signal. This paper is
a continuation of our work given in [27] and [28]. In [27], a
simpler two-track vehicle model was used for traction control
only. In [28], our earlier work was extended with passive
suspension dynamics, and the traction control performance in
the presence of communication delay in actuators and sensors
was studied.

The contributions of this study can be listed as follows:
(1) A detailed control-oriented nonlinear vehicle model is
developed that is suitable for wheel-based traction, steering,
and suspension control studies with necessary longitudinal, lat-
eral, and vertical motion fidelity. This model is also validated
against a multi-body dynamics based commercial software
[29]. (2) Inspired from [30], [31] and [32], a controller frame-
work involving a fault-tolerant control allocation algorithm is
developed, which is capable of controlling the longitudinal,
lateral and vertical vehicle dynamics in an integrated manner.
To achieve this, the control allocation presented in [30] and
[31] had to be extended to handle the class of systems
that have time-varying control input matrix dynamics. To the
best of our knowledge, this study is the first of its kind
in its attempt to outline a method to develop an integrated
vehicle stability controller that utilizes vectoring, steering, and
suspension control systems at the same time, in the presence
of uncertainties and faults.
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Fig. 2: Vehicle Dynamic Model

The remainder of this paper is structured as follows. In Sec-
tion II, the 14 degrees of freedom vehicle model is presented.
In Section III, the overall structure of the integrated vehicle
controller, including the control allocation, is explained. Then,
the proposed controller is validated via simulation studies in
section IV. Lastly, in Section V, a summary is given.

II. MATHEMATICAL MODEL

In this section, the development of a 14 degree of freedom
vehicle model is discussed. This model includes all three
translation and rotation motions of the vehicle body in the
three-dimensional space, together with the elevation and the
(z-axis) rotation of each wheel. In order to complete this
model, longitudinal, lateral, and vertical motions of the vehicle
mass, and each wheel need to be considered (see Fig. 2). Most
models in the literature contain vehicle translational and rota-
tional motions in one or two directions separately for controller
development. However, the model developed in this section
considers the vehicle’s motion in three directions, including



3

TABLE I: List of Used Vehicle Parameters

h Height of the vehicle Center of Gravity (CoG) 0.375 m
a Length between the front axle and the CoG 1.125 m
b Length between the rear axle and the CoG 1.375 m
w Width of the wheelbase 1.6 m
m Vehicle mass 1300 kg
Ix Veh. moment of inertia about x− axis 250 kgm2

Iy Veh. moment of inertia about y− axis 1000 kgm2

Iz Veh. moment of inertia about z− axis 1300 kgm2

Iw Wheel moment of inertia 2.7 kgm2

Rw Wheel radius 0.33 m
muf Front unsprung mass 30 kg
mur Rear unsprung mass 30 kg
kuf Front unsprung spring coefficient 2 · 105 N/m
kur Rear unsprung spring coefficient 2 · 105 N/m
ksf Front sprung spring coefficient 21 · 103 N/m
csf Front sprung damping coefficient 1000 Ns/m
ksr Rear sprung spring coefficient 21 · 103 N/m
csr Rear sprung damping coefficient 1500 Ns/m
Af Frontal area of the vehicle 2.2 m2

Cd Drag coefficient of the vehicle 0.3

detailed axis interactions. This model helps to achieve the
objective of developing controllers for steering, and suspension
systems concurrently. The list of parameters used in the model
is given in Table I.

A. Longitudinal and Lateral Dynamics

The dynamic equations describing the longitudinal and
lateral motions of the vehicle body can be developed by
using the variables and vehicle geometry presented in Fig. 2a.
Vehicle motion can be described using a coordinate system,
xyz, which is fixed to the center of mass of the vehicle, as
shown in Fig. 2b.

The total forces in the x-direction, Fx, and in the y-direction,
Fy , are calculated as the sum of forces on each tire as

Fx =
∑

i={f,r}

∑
j={l,r̄}

Fxij (1)

Fy =
∑

i={f,r}

∑
j={l,r̄}

Fyij , (2)

where f , r, l and r̄ indicate front, rear, left and right wheel
locations, respectively. For example, Fxfl represents the lon-
gitudinal traction force acting on the front left tire. Since each
wheel is steerable, these forces can be calculated in terms of
the force acting on each tire and the individual steering angles
as

Fxfl = fxfl cos δfl − fyfl sin δfl
Fyfl = fyfl cos δfl + fxfl sin δfl

Fxfr̄ = fxfr̄ cos δfr̄ − fyfr̄ sin δfr̄

Fyfr̄ = fyfr̄ cos δfr̄ + fxfr̄ sin δfr̄

Fxrl = fxrl cos δrl − fyrl sin δrl
Fyrl = fyrl cos δrl + fxrl sin δrl

Fxrr̄ = fxrr̄ cos δrr̄ − fyrr̄ sin δrr̄

Fyrr̄ = fyrr̄ cos δrr̄ + fxrr̄ sin δrr̄,

(3)

where fxij and fyij are the longitudinal and the lateral forces,
at tire ij, i ∈ {f, r}, j ∈ {l, r̄}. The longitudinal acceleration

𝑇𝑏𝑖𝑗 + 𝑇𝑟𝑖𝑗
𝑇𝑖𝑗

𝐹𝑥𝑖𝑗

𝑅𝑤

𝑁𝑖𝑗

𝐹𝑡𝑖𝑗
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𝑧𝑟𝑖𝑗

Fig. 3: Tire Dynamics

of the vehicle can be calculated as

ax =
1

m
[Fx −

1

2
CdρAfV

2
ar −mg sin(Q)], (4)

where Cd is the drag coefficient, ρ is the air density, Af is the
frontal area of the vehicle, Var is the relative velocity between
the displaced air and the vehicle, Q is the road slope, and m
is the mass of the vehicle. Similarly, lateral acceleration, ay ,
can be calculated as

ay =
1

m
Fy. (5)

It is important to note that the coordinate system [x, y, z]
moves and rotates with the vehicle. Therefore, the acceleration
calculations in (4) and (5) are given for an inertial coordinate
system that coincides with the x and y directions at the
moment. The side-slip angle, β, of the vehicle motion is
defined as

β = arctan

(
Vx
Vy

)
, (6)

where Vx and Vy are the velocity components of the vehicle
measured in the [x, y, z] coordinate system. Furthermore, the
derivative of the yaw rate, ṙ, can be calculated as

ṙ =
1

Iz
(
w

2
(Fxfr̄ + Fxrr̄ − Fxfl − Fxrl)

+ (Fyfl + Fyfr̄)a− (Fyrl + Fyrr̄)b),
(7)

where Iz is the moment inertia about the z axis, w is the
width of the wheelbase, and a, b are the distances between
the center of gravity and front and rear wheels, respectively
(see Fig. 2a).

Wheel assembly, including the tire, is responsible for creat-
ing the traction forces for vehicle acceleration or deceleration.
As the wheel spins with the torque input, the rotation starts,
and the resulting slip between tire and road causes the traction
force. Wheel dynamics are typically represented with the
rotation of the tire about its lateral axis (traction) and the
vertical axis (steering). For this work, it is assumed that
the driver steering input is realized without any transient
dynamics. The rotational dynamics equation about the lateral
axis, for each wheel, can be obtained as

Iwẇij = Tij − Tbij − Trij − FxijRw, (8)
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where, ωij , Trij Tij , and Tbij , are the angular velocity, rolling
resistance, motor, and brake torques, respectively, that are
applied on the wheel ij, i ∈ {f, r}, j ∈ {l, r̄}. The rolling
resistance, which originates from the deformable nature of the
tire [33] is calculated as

Trij = p0Nij + p1Nij
Vx
30

+ p2Nij
V 4
x

304
, (9)

where, Nij is the normal force acting on tire ij. The coeffi-
cients p0, p1 and p2 are usually obtained experimentally and
typical values can be found in [34]. In order to calculate the
longitudinal and lateral forces, fxij and fyij , respectively, on
the tire, a friction model is required. In this work, Pacejka’s
Magic tire formula [35] is used. According to this formula,
longitudinal traction force fxij can be calculated as

fxij =D1 sin[C1 arctan(B1λij − E1(B1λij

− arctan(B1λij)))],
(10)

where D1 is the peak value, C1 is the shape factor, B1 is the
stiffness factor and E1 is the curvature factor. The longitudinal
slip, λij , in (10) is calculated separately for driving and
braking conditions as

For driving; λij(Vx, wij) =
wijRw − Vx
wijRw

For braking; λij(Vx, wij) =
wijRw − Vx

Vx
,

(11)

where Vx is the vehicle longitudinal velocity, wij is the
rotational velocity on wheel ij, i ∈ {f, r}, j ∈ {l, r̄}, and
Rw is the radius of the wheel. The slip ratios, αij(Vx, Vy, r),
for each tire, can be calculated using vehicle geometry as

αfl(Vx, Vy, r) = δfl − arctan

(
Vy + r a cos(γf )

Vx − r a sin(γf )

)
αfr̄(Vx, Vy, r) = δfr − arctan

(
Vy + r a cos(γf )

Vx + r a sin(γf )

)
αrl(Vx, Vy, r) = δrl − arctan

(
Vy − r b cos(γr)
Vx − r b sin(γr)

)
αrr̄(Vx, Vy, r) = δrr − arctan

(
Vy − r b cos(γr)
Vx + r b sin(γr)

)
.

(12)

In (12), δij is the steering angle on wheel ij, i ∈ {f, r},
j ∈ {l, r̄}. The front and rear hub angles, γf and γr, are shown
in Fig. 2. Finally, the lateral forces, fyij , can be calculated by
applying the Magic Formula given [35] as

fyij =D2 sin[C2 arctan(B2αij − E2(B2αij

− arctan(B2αij)))].
(13)

B. Vertical Dynamics

One of the main challenges of designing a comfortable
car is finding suspension parameters that provide a balance
between comfort and handling. A vertical model integrated
with the handling model is needed to consider these two
performance requirements simultaneously (see Fig. 2). The
vertical dynamics model in this study is developed in two
parts. First, equations of motion for sprung mass, which is the
vehicle body supported by springs, are written. Then, unsprung

masses, which are the wheels that are excited from road
disturbances, are modeled. It is assumed that the suspension
system has a linear spring and a damper, while the tire is
assumed to act as a linear spring [36].

Using the pitch, θ, and the roll, φ, angles the sprung mass
elevation at each wheel location, zsij , can be calculated as

zsfl = z − a sin(θ) + 0.5w sin(φ), (14)
zsfr̄ = z − a sin(θ)− 0.5w sin(φ), (15)
zsrl = z + b sin(θ) + 0.5w sin(φ), (16)
zsfr̄ = z + b sin(θ)− 0.5w sin(φ), (17)

where z is the elevation of the center of mass (heave).
Using Fig. 2, the heave acceleration (z̈) can be calculated

as

z̈ =
1

m
((2ksf + 2ksr)z − (2csf + 2csr)ż

+ (2aksf − 2bksr) sin(θ) + (2acsf − 2bcsr)θ̇ cos(θ)

+ ksfzufl + csf żufl + ksfzufr̄ + csf żufr̄

+ ksrzurl + csr żurl + ksrzurr̄ + csr żurr̄

+ fzfr̄ + fzfl + fzrr̄ + fzfl),

(18)

where ksf and csf are the front sprung mass spring and
damping coefficients, ksr and csr are the rear sprung mass
spring and damping coefficients, respectively. zuij is the
unsprung mass displacement and fij is the active suspension
forces at wheel ij, i ∈ {f, r}, j ∈ {l, r̄}. Using Fig. 2b, the
pitch acceleration θ̈ can be calculated as

θ̈ =
1

Iy
((2aksf − 2bksr)z + (2acsf − 2bcsr)ż

− (2a2ksf + 2b2ksr) sin(θ)− (2a2csf + 2b2csr)θ̇ cos(θ)

− aksfzufl − acsf żufl − aksfzufr̄ − acsżufr̄
+ bksrzurl + bcsr żurl + bksrzurr̄ + bcsr żurr̄

−maxh− afzfl − afzfr̄ + bfzrl + bfzrr̄).
(19)

Similarly, the roll acceleration φ̈ can be calculated as

φ̈ =
1

Ix
(−0.25w2(2ksf + 2ksr) sin(φ) + 0.5wksfzufl

− 0.25w2(2csf + 2csr)φ̇ cos(φ) + 0.5wcsf żufl

− 0.5wksfzufr̄ − 0.5wcsf żufr̄ + 0.5wksrzurl

+ 0.5wcsr żurl − 0.5wksrzurr̄ − 0.5wcsr żurr̄

−mayh+
w

2
fzfl −

w

2
fzfr̄ +

w

2
fzrl −

w

2
fzrr̄).

(20)

Elevation of each unsprung mass, zuij , i ∈ {f, r}, j ∈
{l, r̄}, can be calculated by using the forces acting on the
wheels as

muf z̈ufl = ksfz + csf ż − aksf sin(θ)− acsf θ̇ cos(θ)

+ 0.5wksf sin(φ) + 0.5wcsf φ̇ cos(φ)

− (ksf + kuf )zufl − csf żufl
+ kufzrfl − fzfl,

(21)
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muf z̈ufr = ksfz + csf ż − aksf sin(θ)− acsf θ̇ cos(θ)

− 0.5wksf sin(φ)− 0.5wcsf φ̇ cos(φ)

− (ksf + kuf )zufl − csf żufr
+ kufzrfr − fzfr̄,

(22)

mur z̈url = ksrz + csr ż + aksr sin(θ) + acsr θ̇ cos(θ)

+ 0.5wksr sin(φ) + 0.5wcsrφ̇ cos(φ)

− (ksr + kur)zurl − csr żurl
+ kurzrrl − fzrl,

(23)

and

mur z̈urr = ksrz + csr ż + aksr sin(θ) + acsr θ̇ cos(θ)

− 0.5wksr sin(φ)− 0.5wcsrφ̇ cos(φ)

− (ksr + kur)zurr − csr żurr
+ kurzrrr − fzrr̄,

(24)

where, zrij is the road disturbance at wheel ij, muf , mur,
kuf and kur are the sprung masses and the unsprung spring
coefficients at the front and the rear tires, respectively. Finally,
the normal forces at each tire can be calculated as

Nij = ksi(zuij − zrij), (25)

where Nij is the normal force at tire ij.
Fig. 4 summarizes the interaction among many components

of the resulting vehicle model developed in (1)-(25). The
inputs of the model are the wheel torque, Tij , the steering
angle, δij and the road excitation, zrij , at each wheel, and
the outputs are the all six translational and rotational motions
of the vehicle as well as the rotation of the wheels and the
deflections at the wheels and suspensions.

The proposed model presented in (1)-(25) is validated
against the multi-body dynamics based commercial software
[29] and found in good correlation for the driving conditions
used in this work. Results for the validation studies can be
found in [37].

III. CONTROL STRUCTURE

The overall closed-loop system, including the proposed
control structure, is given in Fig. 5. In this structure, the
driver provides the steering and the desired traction torque
(based on the pedal position) inputs. These inputs are used
by the controller to produce the virtual control input vector,
containing the desired traction force, Fc, and the desired pitch,
roll, and yaw moment corrections, namely Mx, My and Mz ,
respectively. Moreover, to ensure yaw stability, the desired
lateral force correction, Fyc, is also calculated as another
component of the virtual control input vector. The proposed
control allocation algorithm determines the torque Tij to be
applied at each wheel, the rear-wheel steering angles δrl, δrr̄,
the front-wheel steering angle corrections ∆δfl, ∆δfr̄, and the
active suspension forces fij , i ∈ {f, r}, j ∈ {l, r̄}, based on
the virtual control input vector.

A. Virtual Control Input Generation

In this section, calculation of the virtual control input vector
elements, which are the desired traction force Fc, desired
yaw, roll and pitch moment corrections Mz , Mx, My , and the
required lateral force correction, Fyc, is described. The traction
force command, Fc, is calculated using a Proportional Integral
(PI) controller to ensure that the vehicle maintains the desired
longitudinal acceleration:

F̃ = Fref − F

Fc = Kif

∫
F̃ dt+Kpf F̃ ,

(26)

where Fref is the traction force mapped from the pedal input
of the driver, F is the vehicle traction force, and Kp and Ki

are the PI controller gains.
To follow the steering input of the driver, first, a reference

yaw rate, rref , is calculated using the methods proposed in
[38] and [2]. Then, by defining the error, r̃ = rref−r, between
rref and the measured yaw rate, r, a moment, M1, is generated
as

M1 = Kpmz r̃ +Kimz

∫
r̃dt, (27)

where Kpmz and Kimz are the PI controller gains. Addition-
ally, to ensure stability while following the yaw rate reference,
side-slip angle β is fed to another PI controller to produce an
additional moment, M2, as

M2 = Kpsβ +Kis

∫
βdt, (28)

where, Kps, Kis are the PI controller gains. Moments M1

and M2 are then summed to create the desired yaw moment
correction Mz .

Mz = M1 +M2. (29)

Lateral and longitudinal accelerations may cause the vehicle to
roll and pitch. These motions are not desirable since they shift
the center of gravity and may disturb the vehicle’s stability.
Therefore, to damp the roll and pitch motions, roll and pitch
moment corrections, Mx and My , are calculated by using a
PI controller as

Mx = −Kprφ−Kdrφ̇−Kir

∫
φdt

My = −Kppθ −Kdpθ̇ −Kip

∫
θdt,

(30)

where φ and θ are the roll and pitch angles of the vehicle
and Kpr, Kdr, Kir, Kpp, Kdp and Kip are the PID controller
gains.

The side-slip angle, β, should be kept small since a large
value causes the vehicle to be unstable [25]. β can be con-
trolled by applying a lateral force Fyc, which can be calculated
as

Fyc = −Kpyβ −Kiy

∫
β, (31)

where Kpy and Kiy are the PI controller constants.
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Fig. 4: Vehicle Model and Its Components

B. Vehicle Model for Control Allocation

In order to develop a control allocator, a control allocation
oriented model is derived from the nonlinear vehicle dynamics
model presented in Section II.

The vehicle outputs, which are used in the feedback loop
(see Fig. 5), are the vehicle acceleration, ax, the vehicle
velocity, V , yaw rate, r, roll angle, φ, pitch angle, θ, and the
wheel hub elevations, zuij , i ∈ {f, r}, j ∈ {l, r̄}. The states
of the control-oriented model, which are the minimum number
of variables the initial conditions of which are required to be
known to predict the future behavior of the vehicle outputs,
are then determined as

xT =
[Vx Vy ψ̇ z ż φ φ̇ θ θ̇ zufl

żufl zufr̄ żufr̄ zurl żurl zurr̄ żurr̄].
(32)

Using these states, non-linear dynamics of the vehicle given
in (1)-(25) can be represented in the form,

ẋ = f(x,u), (33)

where the state vector, x, is given in (32), and the actuator
input vector, u, is

uT =
[δfl δfr̄ δrl δrr̄ Tfl Tfr̄

Trl Trr̄ fzfl fzfr̄ fzrl fzrr̄].
(34)

Assuming a constant cruising velocity V0, and small steering
(δij) and tire slip angles (αij), a linearized time-varying
vehicle model can be obtained in the form

ẋ = Ax + Bu(t)u + D, (35)

where A ∈ R17×17 is the state matrix, Bu(t) ∈ R17×12

is the time varying input matrix and D ∈ R17 contains the
disturbances. The contents of the matrices A, Bu(t), and D
are available online 1.

To treat the elements of u given in (34) as pure force
and moment generators, and hence make the representation
suitable for control allocation, rows of the input matrix Bu that
corresponds to the variations in heave, z, and unsprung mass,
zuij , elevations are taken to be zero. This assumption ignores
the effects of active suspension forces on the vehicle body and
unsprung mass accelerations. This is a common practice for
control allocation implementations, the examples of which can
be seen at [9], [39], [40]. It is noted that the linear time-varying
dynamics (35) is used only for control allocation development
purposes. For the controller validation tests, the full nonlinear
model developed in Section II is employed.

C. Control Allocation

The exploited control allocation method is based on [30],
and the block diagram for this algorithm, modified for the
specific application considered in this paper, is given in Fig.
6. For the vehicle control application studied in this paper, the
algorithm is re-worked such that it can handle the time-varying
input matrix Bu(t) introduced in (35).

Rewriting u as a summation of the driver input, ∆u, and
the control allocation input, uca, (i.e. u ≡ uca + ∆u), (35)
can be rewritten as

ẋ = Ax + Bu(t)uca + Bu(t)∆u + D, (36)

1https://github.com/otemiz/Adaptive control allocation

https://github.com/otemiz/Adaptive_control_allocation
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Fig. 6: Control Allocation Structure

where

∆uT =
[δin δin 0 0 0 0

0 0 0 0 0 0],

uTca =
[∆δfl ∆δfr̄ δrl δrr̄ Tfl Tfr̄

Trl Trr̄ fzfl fzfr̄ fzrl fzrr̄].

(37)

In accordance with this decomposition, Bu(t) can be split
into matrices Bv ∈ R17×5 and By(t) ∈ R5×12, as Bu(t) =
BvBy(t). Matrices Bv and By(t) are given in Appendix A.
Using this decomposition, (36) can be rewritten as

ẋ = Ax + BvBy(t)(uca + ∆u) + D. (38)

Writing D as D = Bvd, where the entries of the vector d is
given in the Appendix A, expression in (38) can be rewritten
as

ẋ = Ax + Bv[By(t)(uca + ∆u) + d]

= Ax + Bv[By(t)uca + By(t)∆u + d].
(39)

Defining
d̄ ≡ By(t)∆u + d, (40)

(39) can be rewritten as

ẋ = Ax + Bv[By(t)uca + d̄]. (41)

The time-varying matrix By(t) can be written as a multipli-
cation of a constant matrix, Bl, and a time-varying invertible
matrix Bn(t), as By(t) = BlBn(t), where the contents of
the matrices, Bl ∈ R5×12 and Bn(t) ∈ R12×12 are given in
Appendix A. Then, this multiplication can be substituted into
(41) to obtain

ẋ = Ax + Bv[BlBn(t)uca + d̄]. (42)

Defining ū ≡ Bn(t)uca, and introducing a diagonal unknown
matrix Λ ∈ R12×12 with positive entries, the state equation
given in (42) can be rewritten as

ẋ = Ax + Bv(BlΛū + d̄) (43)
= Ax + Bvv, (44)

where v ∈ R5 is the virtual control input consisting of the
desired forces and moments derived in Section III-A. It is
noted that faults and uncertainties in actuator effectiveness can
be represented with the help of Λ. The objective of the control
allocation is to determine the vector u to achieve

BlΛū + d̄ = v, (45)

where BlΛū + d̄ represents the net forces moments acting
on the vehicle, which can be measured using an inertial
measurement unit.

In order to build the mechanism for control allocation, we
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consider a dynamic system

ξ̇ = Amξ + BlΛū + d̄− v, (46)

where Am ∈ R5×5 is stable. A reference model can also be
defined as

ξ̇m = Amξm. (47)

ū can be created as ū = θTv, where θ ∈ R12×5 is a parameter
matrix to be determined, and (46) can be rewritten as

ξ̇ = Amξ + (BlΛθT − I)v + d̄. (48)

Assuming an ideal parameter vector θ∗ that satisfies
BlΛθ∗T = I and defining θ̃

T
≡ θT − θ∗T , where θ̃ is the

deviation of the parameter vector θ from its ideal value θ∗,
(48) can be rewritten as

ξ̇ = Amξ + BlΛθ̃
T
v + d̄. (49)

Defining an error as e = ξ − ξm and subtracting (47) from
(49), it is obtained that

ė = Ame + BlΛθ̃
T
v + d̄. (50)

Theorem 1: If the parameter matrix θ is updated with the
adjustment law as,

θ̇ = ΓProj(θ,−veTPBl), (51)

where Γ = ΓT = γIr ∈ R5×5 > 0, γ is a positive scalar, Ir
is an identity matrix, Proj refers to the projection operator
[41], and P is the positive definite symmetric solution of
the Lyapunov equation Am

TP + PAm = −Q, where Q
is a positive definite symmetric matrix, all the signals in the
proposed control allocation structure given in (46)-(50) and
(45) is achieved.

Proof: See [30], [31] and [32]
Theorem 2: The closed loop system, consisting of the

plant (44), and the control input, v, whose elements are given
in (26) - (31), is stable.

Proof: See Appendix B.

IV. SIMULATIONS

In order to validate the proposed control framework, a
Matlab/Simulink model of the overall closed-loop system is
constructed. Different failure scenarios are simulated, and the
results are compared with a baseline controller.

A. Baseline Controller

The baseline controller has three separate subsystems con-
sisting of rear-wheel steering control, traction force control,
and active suspension control.

1) Rear Wheel Steering Control: In the baseline controller,
the rear wheel’s angle of rotation is determined to be propor-
tional to the front wheels’ rotation angle. This proportion is
determined based on the studies presented in [2], [42], where
the amount of the gain, Ks, between the front and rear-wheel
steering is tuned to improve stability and performance: At low
speeds, Ks is negative to increase maneuverability. At high

speeds, however, the gain is positive, which increases stability.
Specifically, Ks is determined as

Ks =
δr
δf

=
mV 2

x a− bLCαNr
mV 2

x b+ aLCαNf
· CαNf
CαNr

, (52)

where L is the length of the wheelbase, m is the vehicle
mass, Vx is the longitudinal velocity, Cα is the lateral friction
coefficient, Nf , Nr are normal forces at the front and rear
tires, respectively and δf and δr are rear and front steering
angles.

2) Traction Control: The total traction force, Fc, is gen-
erated using a PI controller similar to the one used in the
proposed virtual control input given in (26). Then, this total
traction force is distributed among the wheels proportional to
the normal forces at the tires. The resulting control law can
be written as

Tij =
Fc mg

4Nij
, (53)

where mg is the weight of the vehicle, and Tij and Nij are the
torque and the normal force at wheel ij, i ∈ {f, r}, j ∈ {l, r̄}.

3) Active Suspension Control: For active suspension con-
trol, a similar approach given in [43] is used. Active suspen-
sion forces are determined by two PI controllers to stabilize
the roll and pitch motions. PI controllers use the deviations
of the roll, θ, and pitch, φ, angles to determine the required
active suspension forces for stabilization. These forces are then
distributed to the individual wheels, according to their moment
creation effects provided in (19) and (20), as

fpitch = −Kppθ −Kip

∫
θdt

froll = −Kprφ−Kir

∫
φdt

(54)

fzfl = −fpitch + froll

fzfr̄ = −fpitch − froll
fzrl = fpitch + froll

fzrr̄ = fpitch − froll,

(55)

where fzij , i ∈ {f, r}, j ∈ {l, r̄} is the active suspension
force at wheel ij.

B. Low-Speed Performance

Initially, the proposed control framework is compared to
the baseline controller for the case of no failure and when
the initial velocity of the vehicle is set as Vx = 13 m/s. The
scenario consists of an object avoidance maneuver followed by
an emergency braking. The simulation results are given in Fig.
7, where the bottom sub-figure shows the trajectories of the
vehicles with the baseline (w/o) and the proposed controllers
(w/). In the sub-figure, the obstacle is represented by a pink
dash-dotted line at x = 100 m. In this scenario, the steering
maneuver starts at t = 3 s and ends at t = 6 s. Later, at
t = 6.5 s driver brakes for 1 s and then driver gives no throttle
or brake input. Fig. 7 also shows the allocated signals, which
are steering angle corrections, ∆δij , wheel torques Tij , active
suspension forces, fzij , i ∈ {f, r}, j ∈ {l, r̄}, and vehicle
states x =

[
β Vx ψ φ θ

]
. As seen from the figure, the
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Fig. 7: Object Avoidance Maneuver in Low Velocity Scenario. ”w/” and ”w/o” refer to the cases with and without the proposed
control framework, respectively.

proposed system performs similarly to the baseline system
under low speed and no-fault conditions.

C. High-Speed Performance

In this scenario, the proposed controller is compared to
the baseline system when the initial velocity, Vx, is 20 m/s.
The same steering and acceleration/brake inputs are applied
as the previous case, and there are no failures in the system.
The simulation results are given in Fig. 8. When side-slip,
β, values of the two vehicles are compared, it is seen that

the baseline vehicle has much less side-slip. This is due to
the nature of the rear steering gain Ks, which is designed to
maintain yaw stability. However, this reduces yaw rotation and
prevents the vehicle from escaping the obstacle. On the other
hand, the proposed control framework provides a better yaw
rate reference following while also keeping the vehicle stable.

D. Performance in Varying Road Conditions

In this simulation, the road friction coefficient Cα for the
right tires is reduced to 60% of its original value to simulate
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Fig. 8: Object Avoidance Maneuver in High-Velocity Scenario. ”w/” and ”w/o” refer to the cases with and without the proposed
control framework, respectively.

slippery road conditions, starting at t = 4 s. The vehicle is
commanded to perform the same object avoidance maneuver
with an initial velocity of 20 m/s. The results in Fig. 9 show
that the baseline vehicle has difficulty following the commands
while the proposed controller performs as designed. In order to
compensate for varying road conditions, the proposed system
shifts torque distribution toward the right wheels. Moreover,
trajectories, side slip angles, and velocities show that the
vehicle equipped with the proposed controller remains stable,
while the baseline system over-steers at the first steering input

and spins out of control.

E. Actuator Failure with Varying Road Conditions

In order to test the performance of the proposed controller
in challenging situations, an “effectiveness loss at the wheel”
scenario is created. In this scenario, the rear right tire traction
force and steering angle are reduced to 10% of their original
values, at t = 1 s. Additionally, at t = 4 s, the lateral friction
coefficient is reduced by 10%. In the scenario, the initial
velocity is also set to 20 m/s. The results of the simulation are
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Vehicle spins at 
𝑡 = 5.5[𝑠]

Fig. 9: Object Avoidance Maneuver with Varying Road Conditions. ”w/” and ”w/o” refer to the cases with and without the
proposed control framework, respectively.

given in Fig. 10. The proposed controller modifies the steering
angles to compensate for the undesired moments created
by actuator effectiveness losses, which ensures a stable turn
around the obstacle and a proper following of the reference
trajectory. On the other hand, the baseline system cannot make
a stable turn and spins. (It is observed that even for a lower
initial velocity of 15 m/s, the baseline system loses stability.)

F. Integrated vs Independent Active Suspension

To demonstrate the advantages of an integrated active sus-
pension system, the suspension control in the proposed control
framework is replaced with that of the baseline controller, and
the resulting structure is compared with the original integrated
framework. The outcomes are presented in Fig. 11. In order
to level the comparison, controller parameters are adjusted
such that when there is no fault, the system performances are
similar. In this scenario, the initial velocity is set to 20 m/s,
and the effectiveness of the suspension actuators at the rear
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Vehicle spins at 
𝑡 = 5.5[𝑠]

Fig. 10: Object Avoidance Maneuver with Actuator Failure and Varying Road Conditions. ”w/” and ”w/o” refer to the cases
with and without the proposed control framework, respectively.

right wheel is reduced to 10% of its original value when t = 1
s. The proposed control framework increases the suspension
force in the front left wheel fzl, to compensate for the failure.
As a result, despite the initial adaptation phase, the proposed
scheme keeps the roll and pitch angles approximately 35%
lower, compared to the case where the baseline controller is
used for suspension control. It is noted that smaller roll and
pitch angles result in a reduced shift in the center of gravity
and a more stable and comfortable ride is achieved [2].

V. CONCLUSIONS

In this paper, a novel control framework is introduced as an
integrated vehicle controller that can handle the uncertainties
and non-linearities of the lateral and vertical dynamics of the
vehicle motion. The framework is designed based on and
validated by a 14 degrees of freedom model that incorpo-
rates steering, suspension, and forward motion dynamics. The
controller employs steering, traction, and suspension forces to
follow desired yaw and force references while keeping the
vehicle stable under unfavorable driving conditions. Simula-
tion results show that the presented framework provides a
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Fig. 11: Comparison of Active Suspensions in Case of Failure. ”w/” and ”w/o” refer to the cases with and without the proposed
control framework, respectively.

comparable performance with the baseline system in a low-
velocity and no-failure scenario. However, when the velocity
is higher, the baseline system cannot perform as well as the
proposed control framework. Moreover, when a fault or a road
uncertainty is introduced, the proposed system can tolerate
these non-ideal situations (up to 30% higher longitudinal
maneuver velocity), whereas the baseline controller oversteers
and makes the vehicle spin. Finally, our work shows that an
integrated active suspension is better at overcoming a difficult
maneuver with a better ride performance (approximately 35%
lower roll and pitch angles during same steering conditions)
compared to an independent suspension control.
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VI. APPENDIX

A. Matrices for Control Allocation

dT =
[
V 2

0 ρCdA
2 0 0 −V

2
0 ρCdA

2 0
]
, (56)

where V0 is linearized longitudinal velocity constant.

By(t) =
[By1 By2 By3 By4 By5 By6

By7 By8 By9 By10 By11 By12].
(57)

where

By1 =
[
0 CαNfl(t) cos(δfl) CαaNfl(t) cos(δfl) 0 0

]T
By2 =

[
0 CαNfr(t) cos(δfr̄) CαaNfr(t) cos(δfr̄) 0 0

]T
By3 =

[
0 CαNrl(t) cos(δrl) −CαbNrl(t) cos(δrl) 0 0

]T
By4 =

[
0 CαNrr(t) cos(δrr̄) −CαbNrr(t) cos(δrr̄) 0 0

]T
By5 =

[
cos(δfl)

R
0

w cos(δfl)

2
0 0

]T
By6 =

[
cos(δfr̄)

R
0 −w cos(δfr̄)

2
0 0

]T
By7 =

[
cos(δrl)

R
0

w cos(δrl)
2

0 0
]T

By8 =
[

cos(δrr̄)
R

0 −w cos(δrr̄)
2

0 0
]T

By9 =
[
0 0 0 w/2 −a

]T
By10 =

[
0 0 0 w/2 −a

]T
By11 =

[
0 0 0 −w/2 b

]T
By12 =

[
0 0 0 w/2 b

]T
,

(58)
where Cα is the linearized friction coefficient.

Bn =

diag

{
4Nfl
m

cos(δfl),
Nfr
m

cos(δfr̄),

4Nrl
m

cos(δrl),
4Nrr
m

cos(δrr̄), cos(δfl),

cos(δfr̄), cos(δrl), cos(δrr̄), 1, 1, 1, 1

}
.

(59)

Bl =
[Bl1 Bl2 Bl3 Bl4 Bl5 Bl6

Bl7 Bl8 Bl9 Bl10 Bl11 Bl12 ],
(60)

where

Bl1 =
[
0 Cαm/4 aCαm/4 0 0

]T
Bl2 =

[
0 Cαm/4 aCαm/4 0 0

]T
Bl3 =

[
0 Cαm/4 −bCαm/4 0 0

]T
Bl4 =

[
0 Cαm/4 −bCαm/4 0 0

]T
Bl5 =

[
1/R 0 −w/2 0 0

]T
Bl6 =

[
1/R 0 w/2 0 0

]T
Bl7 =

[
1/R 0 −w/2 0 0

]T
Bl8 =

[
1/R 0 w/2 0 0

]T
Bl9 =

[
0 0 0 w/2 −a

]T
Bl10 =

[
0 0 0 −w/2 −a

]T
Bl11 =

[
0 0 0 w/2 b

]T
Bl12 =

[
0 0 0 −w/2 b

]T
.

(61)

https://www.plm.automation.siemens.com/global/en/products/simcenter/simcenter-amesim.html
https://www.plm.automation.siemens.com/global/en/products/simcenter/simcenter-amesim.html
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B. Close Loop Stability

Consider the plant dynamics given in (44). Using (26), the
Laplace transform of first element of the virtual control input
V(s) can be written as

V1(s) = (Fref (s)− F (s))(Kpf +Kif/s), (62)

where, F (s) can be expressed as F (s) = max(s). Similarly,
the second element of V(s) can be written, by using (31), as

V2(s) = (βref (s)− β(s))(Kpy +Kiy/s), (63)

where, side-slip angle β can be expressed as β(s) = Vy(s)/V0.
Using (29), the third element of V(s) can be obtained as

V3(s) = (rref (s)− r(s))(Kpm +Kim/s)

+ β(s)(Kps +Kis/s).
(64)

Finally, last two elements of V(s) can be obtained by taking
the Laplace transform of (30) as

V4(s) = (θref (s)− θ(s))(Kpp +Kip/s+ sKdp)

V5(s) = (φref (s)− φ(s))(Kpr +Kir/s+ sKdr).
(65)

Using (62) - (65), V(s) can be expressed in vector form as

V(s) =


(Fref (s)−max(s))(Kpf +Kif/s)

(βref (s)−
Vy(s)

V0
)(Kpy +Kiy/s)

(rref (s)− r(s))(Kpm +Kim/s) +
V y(s)
V0

(Kps +Kis/s)

(θref (s)− θ(s))(Kpp +Kip/s+ sKdp)
(φref (s)− φ(s))(Kpr +Kir/s+ sKdr)

 ,
(66)

which can be rewritten as

V(s) = K(s)(R(s)−Y(s)), (67)

where R(s) is the Laplace transform of the reference vector,

r =
[
Fref βref rref θref φref

]
, (68)

Y(s) is the Laplace transform of the output vector

y =
[
F β r θ φ

]
, (69)

and K(s) is the Laplace transform of the control matrix, whose
rows are given as

K1(s) =
[
(Kpf +Kif/s) 0 0 0 0

]
K2(s) =

[
0 (Kpy +Kiy/s) 0 0 0

]
K3(s) =

[
0 (Kpb +Kib/s) (Kpmz +Kimz/s) 0 0

]
K4(s) =

[
0 0 0 (Kpmx +Kimx/s+Kdmxs) 0

]
K5(s) =

[
0 0 0 0 (Kimy +Kimy/s+Kdmys)

]
.

(70)

Taking the Laplace transformation of (44), we obtain that

sX(s) = AX(s) + BvV(s). (71)

Furthermore, Y(s) can be expressed as

Y(s) = CX(s) + HV(s) (72)

where C and H are given as

CT =



V0 0 0 0 0
ρCdA 1/V0 0 0 0

0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



(73)

H =


1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 . (74)

Using (71) and (72), we obtain that

Y(s) = (C(sI−A)−1Bv + H)V(s). (75)

Defining G(s) ≡ C(sI−A)−1Bv + H and substituting (67)
into (75), the relationship between the reference signal and the
output vector can be written as

Y(s) = (sI + G(s)K(s))−1G(s)K(s) R(s). (76)

Considering the definitions,

T0(s) =(sI + G(s)K(s))−1G(s),K(s)

S0(s) =(sI + G(s)K(s))−1,
(77)

it can be shown that T0(s), S0(s)G(s) and K(s)S0(s) are
stable. Therefore the MIMO system, whose dynamics are
given by (67) - (75) are internally stable [44].


	I INTRODUCTION
	II MATHEMATICAL MODEL
	II-A Longitudinal and Lateral Dynamics
	II-B Vertical Dynamics

	III CONTROL STRUCTURE
	III-A Virtual Control Input Generation
	III-B Vehicle Model for Control Allocation
	III-C Control Allocation

	IV SIMULATIONS
	IV-A Baseline Controller
	IV-A1 Rear Wheel Steering Control
	IV-A2 Traction Control
	IV-A3 Active Suspension Control

	IV-B  Low-Speed Performance
	IV-C High-Speed Performance
	IV-D Performance in Varying Road Conditions
	IV-E Actuator Failure with Varying Road Conditions
	IV-F Integrated vs Independent Active Suspension

	V CONCLUSIONS
	References
	VI APPENDIX
	VI-A Matrices for Control Allocation
	VI-B Close Loop Stability


