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Modeling and Adaptive Control of Flexible Quadrotor UAVs
Emre Eraslan1 and Yildiray Yildiz2

Abstract— This paper introduces an analytical framework for
the derivation of distributed-parameter equations of motion of a
flexible quadrotor. This approach helps obtain rigid and flexible
equations of motion simultaneously, in a decoupled form,
which facilitates the controller design. An adaptive controller
is implemented using the developed model to prevent excessive
oscillations due to flexible dynamics and to compensate uncertainties. Furthermore, a delay-dependent stability condition is
obtained for the overall system dynamics, including the human
UAV operator with reaction time delay, the adaptive controller
and the flexible quadrotor dynamics. It is demonstrated via
simulations that the flexible arm tip oscillations are reduced
when the closed loop reference model adaptive controller is
used, compared to a conventional model reference adaptive
controller.

I. INTRODUCTION
Quadrotor unmanned aerial vehicles (UAVs) are conventionally treated as rigid bodies since most of the time flexible
dynamics are negligible. However, for quadrotors that are
built using very thin and light materials, flexible dynamics cannot be ignored. The preference of these materials
contributes significantly to quadrotor design in terms of i)
lower manufacturing and maintenance costs, ii) less battery
consumption, iii) less fragility due to collision forces, and iv)
less proneness to damages during vertical landing. To be able
to conduct a careful analysis for these vehicles, a rigorous
mathematical model of flexible dynamics is needed.
Research efforts reported in the open literature pertaining
to flexible quadrotor UAVs are relatively scarce. In [1],
the flexibility of a quadrotor, upon impact with a wall, is
formulated as deformation and reconfiguration of the chassis
using a revolute spring and a damper. In [2], a structural
vibration analysis of a typical quadrotor UAV chassis using
experimental and numerical methods is conducted. to find the
lowest vibration regions for electrical equipment placement.
In [3], structural resonance is attributed to the interference
between the excitation frequencies of the propellers and
fundamental frequencies of the UAV structure. It is noted
that neither [2] nor [3] contains a dynamical model of the
quadrotor UAV that can be employed for control design or
analysis of the closed loop control system.
The flexible quadrotor UAV model developed in this
paper distinguishes itself from the aforementioned studies
by providing a fully distributed dynamical model that can be
used for control design. Distributed modeling approach for

aerospace applications is not new (see [4] and [5]). These
studies are also extended to very flexible fixed-wing UAVs,
i.e, that have long flexible arms [6], [7]. However, similar
results do not exist for quadrotor UAVs and transferring the
existing results to quadrotor UAVs is not a trivial task.
In this paper, we introduce an analytical framework to
derive distributed equations of motion of a flexible quadrotor
UAV. The applied method is predicated on Lagrangian mechanics using the mean-axes theorem. This approach helps
obtain rigid and flexible equations of motion simultaneously, in a decoupled form, which facilitates the controller
design. To compensate for uncertainties, we implement
two different adaptive controllers: A conventional model
reference adaptive controller (MRAC) [8], and a closed
loop reference model (CRM) adaptive controller [9]. CRM
adaptive controller is developed to reduce the oscillations
in MRAC architectures, and its effectiveness is verified
experimentally [10]. We demonstrate that CRM adaptive
controller indeed helps reduce the vibrations of the flexible
quadrotor arms. To the best of authors’ knowledge, no similar
work exists in the literature, where a distributed modeling
of flexible quadrotor UAV is developed together with an
adaptive control implementation and a human-in-the-loop
stability analysis including reaction time delays. This paper
is organized as follows. Section 2 presents the modeling
of flexible quadrotor dynamics. The controller design and
human-in-the-loop stability analysis are given in Section 3.
Simulation results are presented in Section 4.
II. M ODELING OF F LEXIBLE Q UADROTOR DYNAMICS
To obtain the distributed equations of motion, we mainly
follow the Lagrangian energy based approach presented in
[11]. However, unlike [11], our model captures the energy
dissipation effects [12] and the flexibility of the quadrotor
arms. Below, we first provide the necessary background and
then develop the distributed parameter model.
A. Dynamics of Unconstrained Elastic Bodies
In an unconstrained elastic body, the inertial position RE
of a mass element ρdV , where ρ is the density and dV is
the infinitesimal volume, can be obtained by the summation
of its position RG , relative to a non-inertial body-fixed frame
G, and the position RF of this body reference frame relative
to the inertial frame F as
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RE = RF + R G .

(1)

In the usual rigid body formulation, the time rate of change
of RG is assumed to be zero [13]. This assumption no longer
holds for the flexible body formulation [5]. The position of
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the mass element ρdV relative to the body frame G can be
written as
RG = s̄ + w(x̄,t),
(2)
where s̄ is the constant undeformed length, w(x̄,t) is the relative flexible displacement and x̄ is the generalized coordinate
on the body frame. Assuming that free vibration modes of
the flexible body are given, the relative displacement w(x̄,t)
can be expressed in terms of infinitely many mode shapes
W (x̄) and generalized displacement coordinates ϒ(t) as

where Jr is the moment of inertia of the rotor and Ωg is the
gyroscopic velocity. The total torque, Qυ , represented in the
inertial frame F is obtained as
Qυ = τb + τg .
The control input vector, u, is taken as
u = RΩs Ωs ,

∑ W j (x̄)ϒ j (t).

Using (3) and applying the mean axes theorem [5], [14], the
kinetic energy T and potential energy U as in [11] can be
expressed as
1
1 dRF dRF 1 T
·
+ ω Iω +
T= m
2 dt
dt
2
2
U = −mgRF +

1
2

∞

∑ M j ϒ̇2j (t),

(4)

j=1

∞

∑ ω̄ 2j M j ϒ2j (t),

u = kt−1 RΩs F,

(3)

j=1

(5)

ω = Rυ υ̇,

where the term M j is the generalized mass term and ω̄ j is
the natural frequency corresponding to the jth flexible degree
of freedom.
B. Equations of Motion for an flexible Quadrotor UAV
The flexible quadrotor UAV consists of three different
types of masses, that is, the main body mass mb , the arm
mass mc and the rotor mass mr , all of which add up to the
total mass m = mb + 4mc + 4mr . The position variable vector
and the Euler angles vector pertaining to the center of mass in
the body frame are expressed as ξ = [x, y, z]T ∈ R3 and υ =
[φ , θ , ψ]T ∈ R3 , respectively. The inertial angular velocity
vector of the center of mass is given by ω = [p, q, r]T ∈ R3 .
The rotation matrix RB ∈ R3×3 that transforms the vectors
from G to F is the (ψ, θ , φ ) sequence. The thrust force on
the kth rotor is given by
(6)

where kt is the thrust factor and Ωk is the angular velocity
of the kth rotor. The total thrust force Fb represented in the
body frame G is
4

Fb =

∑ kt Ω2k e3 ,

(12)

where F is the force vector. The generalized coordinates for
the flexible body dynamics is given as q = [ξ T , υ T , ϒTj ]T ∈
R(p+6) , j = 1, 2, . . . , p, where p is the number of flexible
degrees of freedom, which is infinite in theory but can
be truncated to a finite number depending on the level
of modeling fidelity. The relation between the rotational
velocity vector ω and time rate of change of the Euler angles
vector are expressed as

j=1

Fk = kt Ω2k ,

(11)

where RΩs is the corresponding constant transformation
matrix, and Ωs = [Ω21 , Ω22 , Ω23 , Ω24 ]T . It follows from (11) that

∞

w(x̄,t) =

(10)

(7)

(13)

where Rυ is the corresponding transformation matrix. Substituting (13) into (4), it follows that
1
1 dRF dRF 1 T υ T υ
·
+ υ̇ R IR υ̇ +
T(q, q̇) = m
2 dt
dt
2
2

∞

∑ M j ϒ̇2j (t).

j=1

(14)
The Lagrangian consisting of the set of generalized coordinates for the flexible quadrotor UAV can be expressed as
L(q, q̇) = T − U.

(15)

The friction term is added exogenously to the formulation in
terms of a Rayleigh dissipation function [12] as
D(q̇) =

1
2

∞

∑ σc ϒ̇2j (t),

(16)

j=1

where the term σc is the damping coefficient term. The
Lagrangian equation is then given as
 
 


∂L
∂D
d ∂L
−
+
= Qi ,
(17)
dt ∂ q̇i
∂ qi
∂ q̇i
where i = 1, 2, . . . , (p + 6), and Qi is the generalized force.
Using (14)-(17), we obtain the rigid part of the equations of
motions identical to those of a rigid quadrotor UAV [15] and
the flexible part as

k=1

where e3 is the corresponding unit vector. Fb represented in
the inertial frame F is given as
Qξ = RB Fb .

(8)

Denoting the torques developed due to the rotational velocities of the rotors as τb , we can further define the gyroscopic
torques are given as
τg = −Jr [υ̇ × e3 ] Ωg ,

(9)

M j ϔ j (t) + σc ϒ̇ j (t) + ω̄ 2j M j ϒ j (t) = Qϒ j (t).

(18)

C. Transverse Vibrations of flexible Arms
The resulting equations of motion for the flexible part (18)
are of a relatively simple form, although it is not clear yet
what the terms M j , σc , ω̄ j and Qϒ j (t) represent in the overall
system. In the literature, aeroelastic behavior of flexible
aircraft is interpreted as the motion of morphing wings. Upon
considering the flexibility of the quadrotor, the arms can
be modeled as thin cantilever beams undergoing transverse
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vibrations owing to continuous motion and agile maneuvers
of the quadrotor.
Although a large body of research is devoted to the
modeling of undamped Euler-Bernoulli beams under various
boundary conditions, relatively small amount of studies can
be found for beams with damping: The damping is formulated as an internal property using the viscoelastic KelvinVoigt model by [16]. On the other hand, a model of a
cantilever beam with external damping is developed where
a dashpot is attached at the free end [17]. For simplicity, we
use the latter approach and write the equations of motion
governing the damped beam as
∂ 4 w(x̄,t)
∂ 2 w(x̄,t)
∂ w(x̄,t)
+
ρ
A
+ σc
= F(x̄,t), (19)
c
c
4
2
∂ x̄
∂t
∂t
where Ec and Jc are the Young’s modulus and moment of
inertia of the beam, respectively, ρc is the density, Ac is the
cross-sectional area, σc is the damping coefficient of the
beam and F(x̄,t) is the concentrated thrust force acting at
the beam edge. The solution to the homogeneous part of
this equation can be obtained by using (3). The boundary
conditions can be stated as
Ec Jc

W (0) = 0,
(20)
dW (0)
= 0,
(21)
d x̄
2
d W (Lc )
Ec Jc
= 0,
(22)
d 2 x̄
∂ 2 w(Lc ,t)
∂ 3 w(Lc ,t)
= mr
.
(23)
Ec Jc
3
∂ x̄
∂ 2t
Taking F(x̄,t) = 0, substituting (3) into (19), and solving it
together with (20)-(23), the transcendental frequency equation [18] is obtained as
1
1+
− m̄β̄ j (tan β̄ j − tanh β̄ j ) = 0,
(24)
cos β̄ j cosh β̄ j
r
2
4 ρc Ac ω̄ j
Ec Jc

where β̄ j = β j Lc is the solution of (24) and, β j =
is a specific constant obtained from the separation of (19)
corresponding to the jth natural frequency ω̄ j , and m̄ =
mr /mc denotes the ratio of the rotor mass mr to the mass
of the cantilever beam mc . For a given jth mode, we can
solve for β̄ j in (24) and calculate a corresponding natural
frequency ω̄ j . Following this procedure, we also obtain the
mode shape W j (x̄), which can be written as


W j (x̄) = γ̄ j (cos β j x̄ − cosh β j x̄) − β̄ j∗ (sin β j x̄ − sinh β j x̄) ,
(25)
where γ̄ j is a normalization constant corresponding to the jth
mode and β̄ j∗ is a term related to boundary conditions. To
solve for generalized displacement coordinates ϒ j (t) in (18),
we apply orthogonality conditions and obtain that
ϔ j (t) + σc0 ϒ̇ j (t) + ω̄ 2j ϒ j (t) =

Z Lc
0

W j (x̄)F(x̄,t)d x̄,

(26)

where σc0 = σc /(ρc Ac ). It is noted that there is a one-to-one
correspondence between (18) and (26). The generalized mass
term M j in (18) refers to ρc Ac , which is the mass per unit

length. Considering the right hand side of (26) and recalling
that Fk (x̄,t) = Fk (t)δ (x̄ − Lc ) is a concentrated thrust force
for the kth quadrotor arm, k = {1, 2, 3, 4}, where δ (x̄) is the
Dirac’s delta function, it can be shown that
Z Lc
0

W j (x̄)Fk (t)δ (x̄ − Lc )d x̄ = W j (Lc )Fk (t).

(27)

Substituting (27) into (26), we obtain that
ϔk j (t) + σc0 ϒ̇k j (t) + ω̄k2j ϒk j (t) = W j (Lc )Fk (t),

j = 1, 2, .., ∞.
(28)
For each arm of the quadrotor, (28) has infinitely many
solutions corresponding to each ω̄ j . We choose to take the
first three natural frequency values, that is, the variable j
takes the values of 1, 2 and 3. The relative displacement
wk (x̄,t) of the arm k at the tip can then be calculated as
3

wk (Lc ,t) =

∑ W j (Lc )ϒk j (t).

(29)

j=1

Using (29), we define the corresponding flexible states zk j ,
k = {1, 2, 3, 4}, j = {1, 2, 3}, as
zk j (t) = W j (Lc )ϒk j (t),

(30)

Multiplying (28) with W j (Lc ) and using (30), (28) can be
rewritten as
z̈k j (t) + σc0 żk j (t) + ω̄k2j zk j (t) = W j2 (Lc )Fk (t).

(31)

This implies that the tip oscillations at each arm k can be
modeled as the summation of solutions of three mass spring
damper systems with the same damping coefficient σc0 but
different spring constants ω̄k2j . Therefore, the flexible states
for arm k can be written in a state space form as
żke = A0e zke + B0ze Fk ,

(32)

where zke = [zk1 , żk1 , zk2 , żk2 , zk3 , żk3 ]T , A0e and B0ze are the
corresponding matrices. Finally, concatenating all the four
arms under the same state space representation, introducing
an actuator effectiveness matrix Λ, and substituting (12) into
(32), it is obtained that
że = Ae ze + Be Λu.

(33)

where Ae and Be are the corresponding matrices.
III. C ONTROLLER D ESIGN AND H UMAN - IN - THE -L OOP
S TABILITY A NALYSIS
The overall closed loop control system consisting of an
inner and an outer loop is presented in Fig. 1. The inner loop
constitutes the uncertain flexible quadrotor dynamics with a
closed loop reference model (CRM) adaptive controller. The
human operator exists in the outer loop, where s/he observes
the commanded and actual plant states, and produces a
reference input for the inner loop.
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r(t) Closed-Loop xm(t)
Reference
Model
e(t)

c(t)

Σ

ζ(t − τh)

e−τhs

η(t)

e(t)
Adaptive
u(t) Nonlinear
Controller
Rigid
˙
˙
Quadrotor
Θ̂ = ΓΘProj(Θ̂, Θ̂, H)
u(t)
Λ
x(t)

r(t)
Operator
Dynamics
1
s

where xm ∈ Rn is the reference model state vector, e(t) =
x(t) − xm (t) is the tracking error and L ∈ Rn×n < 0 is a
constant matrix such that (Am + L) is Hurwitz. Substituting
(37), (38) and (39) into (36), one obtains

Σ e(t)
x(t)

ẋ(t) = Am x(t) + Bm r(t) + BΛ[uad (t) + ΘT Φ(x(t))],

Flexible
Modes

Eh

Fig. 1: Block diagram of the overall control architecture
including the operator dynamics.



where ΘT = Λ−1 ΘTp ∈ Rnm ×ns is the unknown overall


weight matrix and ΦT (x(t)) = ΦTp (x p (t)) ∈ R(ns +n) is a
vector of high order nonlinear effects. We choose an adaptive
control of the form
uad (t) = −Θ̂T Φ(x(t)),

A. Controller Design
The rigid part of the equations of motion are linearized
around a hover position by using small angle approximations.
The resulting equations of motion can be represented as
ẋ p (t) = A p x p (t) + B p Λu(t) + B p ΘTp Φ p (x p (t))
y p (t) = C p x p (t),

(34)

where x p ∈ Rn p comprises the position and the Euler angles
variables and their corresponding derivatives, u ∈ Rnm is the
control input, Θ p ∈ Rns ×nm is an unknown weight matrix,
Φ p : Rn p → Rns is a known vector of the form Φ p (x p ) =
[Φ p1 (x p ), Φ p2 (x p ), · · · , Φ ps (x p )]T of high order nonlinear effects and y p ∈ Rnr is the plant output. Besides, A p ∈ Rn p ×n p
is constant and unknown, B p ∈ Rn p ×nm is a known constant
matrix, with the assumption that (A p , B p ) is controllable. The
control goal of interest is bounded command tracking in
the presence of uncertainties, that is, tracking a reference
r(t) ∈ Rnr produced by the human pilot (See Fig. 1). To
achieve tracking, a new state vector e p ∈ Rnr is defined as
the integral of the tracking error,
Z t

e p (t) =

0

[y p (ε) − r(ε)]dε,

(35)

(41)

(42)

where Θ̂ ∈ R(ns +n)×nm is the matrix of time-varying adaptive
parameters. The adaptive law is given by
˙ = Γ Φ(x(t))eT (t)PB,
Θ̂
Θ

(43)

where ΓΘ ∈ R[(ns +n)×nm ]×[(ns +n)×nm ] is a diagonal positive
definite matrix of adaptive gains and P ∈ Rn×n is the unique
symmetric positive definite solution of the Lyapunov equation
(Am + L)T P + P(Am + L) = −Q,

(44)

where Q ∈ Rn×n > 0 is a positive definite symmetric matrix.
To prevent adaptive parameter drifts, in other words, to ensure that the time-varying adaptive parameters are bounded,
the projection algorithm [19] is employed as
˙ = Γ Proj(Θ̂, Φ(x(t))eT (t)PB, H),
Θ̂
Θ

(45)

where Proj(Θ, Y, H) is the projection operator and H is a
vector of convex functions. Defining the adaptive parameter
estimation error as Θ̃ = Θ̂ − Θ, and subtracting (40) from
(41), the reference model tracking error is obtained as

and augmented with (34), which results in the dynamics
ẋ(t) = Ax(t) + BΛu(t) + BΘTp Φ p (x p (t)) + Bm r(t),

where A, B and Bm are the corresponding matrices and
x(t) = [x p (t)T , e p (t)T ]T ∈ R(n p +nm ) is the augmented state
vector with n = n p + nm . The control law is determined as
u(t) = ubl (t) + uad (t),

(37)

where ubl (t) ∈ Rnm and uad (t) ∈ Rnm are the baseline and the
adaptive control laws, respectively. The baseline controller is
given as
ubl (t) = −K T x(t),
(38)
where K ∈ Rn×nm is a fixed state feedback control gain
matrix. We choose this gain such that
Am = A − BΛK T

(39)

becomes a stable matrix. The reference model is selected as
ẋm (t) = Am xm (t) + Bm r(t) − Le(t),

ė(t) = Am e(t) − BΛΘ̃T Φ(x(t)) + Le(t).

(36)

(40)

(46)

Using the Lyapunov function candidate
V(e, Θ̃) = eT (t)Pe(t) + tr[(Θ̃T Γ−1 Θ̃)Λ],

(47)

it can be shown that
V̇(e(t), Θ̃(t)) = −eT (t) Pe(t) ≤ 0.

(48)

This implies that the equilibrium point of (43) and (46) is
stable. The convergence of e to zero can be shown using
Barbalat’s Lemma. However, here the lemma is inapplicable,
since V̈(e(t), Θ̃(t)) cannot be proven to be bounded, yet. The
term x(t) = e(t) + xm (t) contains the reference model state
xm (t), which can grow unboundedly due to the reference
r(t) produced by the human pilot model. For this reason,
the dynamics of the outer loop needs to be investigated to
determine whether or not xm (t) and r(t) are bounded.
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B. Outer Loop Dynamics
We use a linear model with a time delay for human
operator dynamics, represented as
η̇(t) = Ah η(t) + Bh ζ (t − τh ),

r(t) = Ch η(t) + Dh ζ (t − τh ),

(49)
(50)

where η(t) ∈ Rnη is the human state vector, τh ∈ R+ is the
reaction delay, and Ah ∈ Rnη ×nη , Bh ∈ Rnη ×nc ,Ch ∈ Rnr ×nη ,
and Dh ∈ Rnr ×nc are constant matrices. r(t) ∈ Rnr is the
reference formed by the human operator (see Fig. 1). The
input to the human dynamics is the feedback error term
ζ (t) = c(t) − Eh x(t),

(51)

where Eh ∈ Rnc ×n is a constant matrix that allows to choose
a subset of the state x(t) as feedback. The analysis in this
chapter follows the similar steps used in [20]. Using (50) and
(51), (40) and (49) can be rewritten compactly as a single
delay equation as
µ̇(t) = An µ(t) + Ad µ(t − τh ) + Π(·),
(52)
 T
T
where µ(t) , xm
(t), η T (t) , An , Ad , and Π(·) are the
corresponding matrices. Since e(t) is shown to be bounded in
the previous section and the command c(t) is bounded, the
matrix Π(·) is bounded. A delay-dependent stability result
for the overall dynamics is given in the theorem below, which
can be used to determine the stability regions.
Theorem 3.1: Consider the dynamics given in (52). If the
real parts of all the infinitely many roots of the equation

(53)
det sI − An + Ad e−τh s = 0
have strictly negative real parts, then µ(t) ∈ L∞ and
limt→∞ e(t) = 0. (See [20] for the proof.)
IV. S IMULATIONS
In this section, we first explain the simulation scenario
with the controller design and the stability limits of the
operator dynamics, and then discuss the simulation results.
A. Simulation Scenario
In the simulations, the rigid part of the equations of
motion and (33) are used as the plant model. The human
operator is assumed to behave like a proportional integral
(PI) controller, with a reaction time delay. This model is
consistent with the operator model introduced in (49)-(51),
and can be represented as
GPI (s) = K p

Tp s + 1 −τh s
e
,
s

Fig. 2: Variation of rightmost pole location with respect to
simultaneous change in K p and/or Tp .

(54)

where K p > 0 and Tp > 0 are model constants, and τh is the
human operator reaction time delay.
Two anomalies are injected at ta = 16s, which result in
loss of control effectiveness of 75% and 50% in the second
and third rotors, respectively.

B. Stability Limits
As stated in Theorem 3.1, once the CRM adaptive controller is designed as given in (37)-(45), the stability of the
overall system is determined by the roots of the characteristic
polynomial presented in (53). We use the DDE-BIFTOOL
[21] to find the rightmost root, among infinitely many of
them, of this polynomial for the simulation example. Fig. 2
shows the location of the rightmost root of the characteristic
polynomial (53) for different values of K p and Tp . The red
areas in the figure represent the unstable regions. It can be
argued that the system can be swept into the unstable region
for moderately high values of Tp .
C. Simulation Results
Tracking performances of three different closed loop control systems are presented in Fig. 3. In the figure, the autonomous flights using a model reference adaptive controller
and a closed loop reference model adaptive controller are
labeled as MRAC, and CRM, respectively. Human operator
controlled flight, where a CRM is used as the controller
(See Fig. 1) is labeled as CRM-H. For coherence, all closed
loop control systems are color-coded, that is, MRAC with
blue, CRM with red and CRM-H with green. Fig. 4 shows
that CRM induces smoother trajectory responses and control
inputs. The effect of human operator involvement is also
observed as delayed responses to commanded inputs, due to
human reaction lag. As expected, CRM based controllers
provide better tracking performances.
It should also be ascertained whether or not control input
excitations are close to the natural frequencies of the flexible
modes. The natural frequencies, ω̄k j , k = {1, 2, 3, 4}, j =
{1, 2, 3}, of the first three flexible modes of four quadrotor
arms (see (31)) are calculated as 131 rad/s, 1365 rad/s and
1865 rad/s, respectively. Fig. 4 demonstrates that none of
the controllers excite these frequencies. On the other hand,
it is shown in Fig. 5 that the arm tips oscillate with lower
frequencies and amplitudes in CRM based configurations.
This is also observed in quadrotor trajectories provided in
Fig. 3.
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Fig. 3: The position tracking performance of the MRAC,
CRM and CRM-H configurations.

Fig. 5: The arm tip oscillations of the MRAC (blue), CRM
(red) and CRM-H (green) configurations.
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Fig. 4: The control inputs of the MRAC (blue), CRM (red)
and CRM-H (green) configurations.
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